CURVED KOSZUL DUALITY AND CYCLIC (CO)HOMOLOGY

YINING ZHANG

ABSTRACT. We study the curved Koszul duality theory for associative algebras presented by quadratic-
linear-constant (QLC) relations. As an application, we investigate the cyclic (co)homology of a QLC
algebra and its Koszul dual curved DG algebra, and extend a result due to Feigin and Tsygan. We also
study a commutative/Lie analog of this curved Koszul duality theory.

1. INTRODUCTION

Hochschild (co)homology of algebras was introduced by Hochschild [11]. Later, Cartan and Eilenberg [4]
provided an equivalent definition in terms of derived functors. The canonical tool for computing Hochschild
homology is the bar resolution. In some instances, however, one is able to find a simpler resolution. For
example, let Sym(V) be the symmetric algebra over a vector space V. It turns out that the free Sym(V)-
bimodule generated by the exterior algebra over V,

Sym(V) ® AV ® Sym(V),

with an appropriate differential, is a resolution of Sym(V') in the category of Sym(V)-bimodules. For the
tensor algebra T'(V'), the following length 2 complex can be used to compute the Hochschild homology of
T(V):

(1.1) = 00— T RVRTV)—TWV)T(V),

where the only nontrivial differential is given by p ® v ® ¢ — p ® v¢ — pv ® q. An associative algebra
presented by quadratic relations (quadratic algebra for short) is an algebra of the form T'(V')/(R), where
V is a vector space and the two-sided ideal (R) is generated by R C V®2. Both symmetric algebra and
tensor algebra are examples of quadratic algebras. The Koszul duality theory for quadratic algebras was
introduced by Priddy in [23]. In more detail, given a quadratic algebra A = T'(V)/(R), the quadratic data
(V, R) permits one to construct a graded coalgebra A called the Koszul dual coalgebra of A, and a degree
—1 linear map « from Af to A satisfying so called the Maurer-Cartan equation. r provides a differential
on the graded free bimodule A ® Al ® A. We denote the resulting complex by A ®, Al ®, A, and call it
the total Koszul complex. A is called Koszul if the morphism from A ®, Al ®, A to A, induced by the the
counit on Al and the multiplication on A, is a quasi-isomorphism. In this case, the total Koszul complex
A®,; Al®, A is called the Koszul resolution of the quadratic algebra A. If A = Sym(V), it can be checked
that the underlying vector space of Al is isomorphic to the exterior algebra AV. Moreover, if A = T'(V),
then the Koszul dual coalgebra Al = k @ V[1], and the total Koszul complex A ®, Al ®, A is precisely
1)

The quadratic hypothesis R C V®?2 can be weakened by only requiring R C V @ V®2. In this case,
the algebra A = T(V)/(R) is called a quadratic-linear algebra (QL algebra for short). The Koszul duality
theory for QL algebras is also discussed in [23]. Let ¢ : T(V) — V®2 be the projection onto the quadratic
part of tensor algebra, and gR be the image of R under ¢. T(V)/(¢R) is a quadratic algebra, denoted by
qA, and is called the associated quadratic algebra of the QL algebra A. The linear terms in R induce a
differential on (¢A)i. Given an augmented associative algebra A = k@ A, it can be viewed as a QL algebra
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by the isomorphism
A = T(A)/(R),

where R is generated by a ® a’ — aa’ for a, a’ € A. Then (qA)! equipped with the differential described
above is nothing but the bar construction B(A) of A. Similar to the case of quadratic algebras, one
can construct a degree —1 map k from (gA) to A satisfying the Maurer-Cartan equation, and it would
induce a differential on the complex A ®, (¢A)! ®, A. It turns out that if ¢gA is Koszul, there is a quasi-
isomorphism A ®, (¢A)l ®, A = A. The universal enveloping algebra A = Ug of a finite-dimensional Lie
algebra g is a QL algebra, and (¢A)! is the Chevalley-Eilenberg DG coalgebra of g. Using the resolution
A®, (qA)i®, A, one could identify the Hochschild (co)homology of Ug with the Lie algebra (co)homology
of g with coefficients in Ug.

It is natural to further weaken the hypothesis and add constant terms to the space of relations R. In
this case, (V, R) is called a quadratic-linear-constant data, and A = T(V)/(R) is called a quadratic-linear-
constant algebra (QLC algebra for short). The Koszul dual (curved) algebra (qA)' of a QLC algebra A
was studied in [25, 24]. In this paper, we study the the Koszul dual (curved) coalgebra (gA)i of A, and
apply the curved Koszul duality developed in [26] [10] to QLC algebras. In Section [2| we review the Koszul
duality theory for curved DG algebras and coalgebra and present some preliminary results. In particular,
we show that given a linear map « of degree —1 from a curved DG coalgebra C to a DG algebra A, if
a is a curved twisting morphism (see Section for the definition), then « provides a differential on the
graded free bimodule A ® C' ® A, and we denote the resulting complex by A ®, C ®, A (see Proposition
5.9).

In Section we show that the linear and constant terms in R equip the Koszul dual coalgebra (gA)i the
structure of a curved DG coalgebra (see Proposition . Moreover, there is a curved twisting morphism
k : (qA)t — A. To any coaugmented curved DG algebra C, one can associate a semi-free DG algebra
Q(C), called the cobar construction of C. Tt turns out that if the quadratic algebra ¢A is Koszul, x induces
a quasi-isomorphism from ©((¢A)!) to A (see Theorem [3.1)). The total Koszul complex of a QLC algebra
A is the complex A ®, (gA)! ®, A. Our first main result generalizes the Koszul resolution of quadratic
algebras to QLC algebras.

Theorem 1.1. (see Theorem Let A be a QLC algebra, and (qA)! be its Koszul dual curved coalgebra.
Suppose qA is Koszul, then the total Koszul compler A ®, (qA)! ®, A is a resolution of A in the category
of A-bimodules.

As applications of Theorem we investigate the Hochschild homologies of the Weyl algebra and the
universal enveloping algebra of a “unital” Lie algebra, and recover a result due to Sridharan [31].

In Section |4 we turn to the cyclic homology of a QLC algebra. The cyclic (co)homology HC(A) of an
algebra A was introduced independently by Tsygan and Connes. Cyclic cohomology was developed as a
noncommutative generalization of the de Rham cohomology [5], and cyclic homology can be considered
as an additive analog of algebraic K-theory [32, [I8]. There are two definitions of cyclic homology: one in
terms of the standard bicomplex (see, for example, [I7]) and another one in terms of the (non-abelian)
derived functor in the sense of Quillen’s homotopical algebra [27] (see Theorem K.1). By modifying the
cyclic bicomplex, one obtain two variations of cyclic homology: periodic cyclic homology and negative
cyclic homology, denoted by HCP®" and HC~, respectively. Moreover, those two variations are related to
the equivariant cohomology of the free loop space (see, for example, [0, [13]). Feigin and Tsygan studied the
(reduced) cyclic (co)homology of a QL algebra in [7], and they obtained the following long exact sequence
provided that ¢A is Koszul:

(qA)) — HC,o "((gA)) — -

(12) - — HC,2 "((q4))) — HC,(A) — HC
We extend this result to the case of Koszul QLC algebras in Section [4] and obtain our second main result
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Theorem 1.2. (see Theorem Let A= A(V, R) be a QLC algebra, where V is a non-negatively graded
locally finite graded vector space, and (qA)" be its Koszul dual curved DG algebra. Suppose qA is Koszul,
then one has the long exact sequence (1.2]).

The first part of Section [4]is devoted to the constructions of cyclic (co)homology of curved DG algebras.
Our approach is extending the cyclic bicomplex to curved DG algebras instead of the mixed complex as,
for example, in [3]. There is a long exact sequence connecting the three cyclic theories of a curved DG
algebra A.:

(1.3) . —» UG, "(A) — OC_"(A) — AC

per

TMNA) — HC A) — -
In Section we review the bimodule Q'R of noncommutative differential 1-forms of a DG algebra R.
In particular, there is a periodic complex

(1.4) XH(R):=[0+— R<Z Q'R <2 R Q'R 2,

where R := R/k and Q' Ry is the commutator quotient space of Q'R. Let R = ©((gA)!) be the semi-free
resolution of A constructed in Section It is shown in [2] that the homology of the total complex of
XT(R) is isomorphic to the reduced cyclic homology of A. On the other hand, we show in Section
that XT(R) is isomorphic to the reduce negative cyclic cochain bicomplex of (¢A)'. Thus, one has the
following isomorphism

(1.5) HC,(4) = HC_"((¢4)").

Theorem follows from the long exact sequence and the isomorphism .

In Section [f] we study the Koszul duality theory for commutative QLC algebras which can be viewed
as a commutative/Lie analog to Section 3] A commutative QLC algebra A is of the form Sym(V)/(R)
where V is a vector space and the ideal (R) is generated by a subspace R C k @ V @ Sym?(V). Let
q : Sym(V) — Sym2(V) be the projection onto the quadratic part of symmetric algebra, and gR be the
image of R under q. Then ¢gA := Sym(V')/(gR), where Sym(V') := Sym(V)/k, is a nonunital commutative
quadratic algebra. The Koszul duality theory for quadratic algebras over binary quadratic operads was
introduced by Ginzburg and Kapranov in [8]. It was generalized to monogenic algebras over quadratic
operads by Milles in [22]. In our case, the Koszul dual coalgebra (¢A)i of ¢A is a curved DG Lie coalgebra.
For a DG Lie coalgebra &, the Lie cobar construction Qpi.(®) is linearly dual to the Lie bar construction
produced by Quillen in [28]. Moreover, this construction can be extended to the category of curved DG Lie
coalgebras. We showed that if ¢A is Koszul in the sense of [22], then Qp;e((¢A)?) is a semi-free resolution
of A in the category of commutative DG algebras (see Theorem . It is clear that every commutative
QLC algebra can be viewed as an (associative) QLC algebra. Hence, there are two coalgebras associated
to A: the Koszul dual Lie coalgebra (gA)i, and the Koszul dual (coassociative) coalgebra (of A as an
associative algebra), denoted by (gA™*)i. Our final result is the following theorem explaining the relation
between (qA)i and (gA™):

Theorem 1.3. (see Theorem There is a natural isomorphism
U((qA)) = (gA"),

where U°(—) denotes universal coenveloping coalgebra functor from the category of graded Lie coalgebras to
the category of graded coassociative coalgebras.
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Severin Barmeier, Murray Gerstenhaber, Ajay C. Ramadoss, and James Stasheff for interesting discussions
and comments.



2. KOSZUL DUALITY FOR CURVED DG (CO)ALGEBRAS

In this section, we recall the notion of curved DG (co)algebras, their (co)bar constructions, and curved
twisiting morphisms. We refer to the book of Loday and Vallette [19] for a complete exposition about
Koszul duality theory for (uncurved) DG (co)algebras, and the monograph of Positselski [26] for a detailed
treatment on curved DG (co)algebras and their (co)modules. See [10] for generalizations to operads and
properads, and see [20] for generalizations to curved A, (co)algebras.

2.1. Notations and conventions. Throughout this paper, & denotes a field of characteristic zero. Let
V be a graded k-vector space, the suspension of V' is the graded vector space sV such that (sV); = V;_1.
Similarly, the desuspension of V is the graded vector space s~!V such that (s='V); = V;41. Notice that
we will use V[1] (resp., V[—1]) to denote sV (resp., s~1V) as well. Let V and W be two graded k-vector
spaces, the space of k-morphisms of degree zero is denoted by Homy (V, W). The graded vector space of
k-morphisms of any degree is denoted by Homyg (V, W), and one has

Homy (V, W) = @D Homy(V, W([-p]) = @(HHomk(Vi, Witp)) -

p p [

The graded linear dual V* of a graded vector space V' is Homg(V, k), i.e.,
V* = P Hom(V_,, k).
P

An algebra means an associative unital algebra over k. The associative multiplication is denoted by
i A® A — A, and the unit is denoted by u : kK — A. We denote by 14, or simply by 1, the image of
1 in A under uw. An algebra is augmented if it is given together with a morphism of algebras e : A — k,
called the augmentation map. In particular, e(14) = 1z. If A is augmented, one has A = k @ A, where
A = ker(e) called the augmentation ideal of A.

Unless stated otherwise, all differential graded (DG) objects are equipped with differentials of degree
—1. Given a DG algebra A, let A°P denote its opposite DG algebra. The enveloping algebra of A is
A€ := A® A°. The category DGBimod(A) of A-DG bimodules is equivalent to the category DGMod-A® of
right A°-DG modules as well as the category A°-DGMod of left A°-DG modules.

A coalgebra means a coassociative counital coalgebra over k. The coassociative comultiplication is
denoted by A : C — C ® C, and the counit is denoted by € : C — k. A coalgebra is coaugmented if it
is given together with a morphism of coalgebras n : £k — C, called the coaugmentation map, such that
€on = idg. If C is coaugmented, then C' = k @ C where C is the cokernel of 7. We shall often work with
coaugmented coassociative counital DG coalgebras C' which are conilpotent in the sense that

C = U ker[(}'ﬂ)C" - C"],

n=2

where A(™ denotes the n-th iteration of the comultiplication map A. In particular, we shall call C 2,
C? — C? the reduced comultiplication, and denote it by A. Notice that C is a coassociative non-counital
coalgebra with comultiplication A.

2.2. Curved DG (co)algebra. A curved DG algebra over k is a k-graded algebra A endowed with a
derivation V of degree —1 and an element © of degree —2 satisfying

(1) v =10, -]

(2) v(©) =0

A curved DG coalgebra over k is a k-graded coalgebra C' endowed with a coderivation d of degree —1

and a linear map h : C' — k of degree —2 satisfying

(1) d*> = (h®id—id®h)o A

(2) hod =0



Proposition 2.1. Let (A, vV, ©) be a non-positively graded, locally finite curved DG algebra over k, then
its graded linear dual C' := A* is a curved DG coalgebra.

Proof. By the assumptions, C' := A* is a graded coalgebra over k. And it is easy to see that d := V* is a
coderivation of degree —1 on C. Let h = —O viewed as a linear functional of degree —2 on C. Therefore,
for any f € C,

(@) (f) = =f(V*()) = f([-6,]) = (heid—id®@h)A(f),
and,
h(d(f)) = (=Y f(v(©) = 0.
O

Remark. The converse of the previous proposition is also true. Namely, the graded linear dual of a
non-negatively graded locally finite curved DG coalgebra is a curved DG algebra.

A strict morphism f between two curved DG algebras (A, v, ©) and (A’, v/, ©') is a morphism of
graded algebra f : A — A’ such that Vo f = foV and © = f(©). Let CDGA; denote the category
of curved DG algebras over k whose morphisms are strict morphisms between curved DG algebras. The
category of DG algebras DGAy, is a full category of CDGAy.

A strict morphism f between two curved DG coalgebras (C, d, h) and (C’, d’, h') is a morphism of
graded coalgebra f : C' — C’ such that d'o f = fod and h' o f = h. Let CDGC, denote the category whose
objects are curved DG coalgebras over k such that their underlying graded coalgebras are conilpotent, and
morphisms are strict morphisms between curved DG coalgebras.

Remark. There is a more general notion of morphisms between curved DG (co)algebras, see [20] for the
details.

2.3. Cobar constructions of curved DG coalgebras. Recall from [26] that a curved DG coalgebra
(C, d, h) is called coaugmented if it is coaugmented as a graded coalgebra, and the coaugmentation map
n : k — C satisfies don = 0 and hon = 0. Notice that if C' is non-negatively graded, then these two
conditions are automatically satisfied. In addition, it can be shown that d and h induce the structure of a
curved DG coalgebra on (C, A).

The cobar construction Q(C') of a coaugmented curved DG coalgebra (C, d, h) is defined as the graded
tensor algebra T'(C[—1]) equipped with three derivations dy, dy, and do, where dy (resp., dy) is induced by
h (resp., d) on C and da|e(—1) is given by the composite map
= A_1®A = = = =
Cl-1]=2k-1]@C —— k[-1]@k[-1]]|@Ce C=C-1] o C[-1].

Here, A_; : k[-1] — k[-1] ® k[—1] is the map of degree —1 taking 1j;_q) to —1j;_1) ® 1p_1). More
precisely, given (s~tep, --+, s71c,) € Q(O),

n

(21) d0<8_1cl7 Tty 8_1671) = Z(_l)‘Cl‘+”.+|Ci71|+i_1h(ci)(s_1cla Y S_lci—la 8_1ci+1, T S_lcn)7
=1

n
(22) dl(silcl, ceey Silcn) = Z(*l)lcl|+.”+‘ci71|+2(57161, cee SildCZ’, SR silcn)’

1=1
and

n
s

(2.3) dg(s_lcl, e S—lcn) _ Z(_l)\cﬂ%..-&-lcfcq\+|c¢\+z(s—1cl’ e 8—1027 s—lc;/, e S_lcn).

i=1

where A(c;) = ¢, @ ¢!/ in the Sweedler notation.

Proposition 2.2. Given a coaugmented curved DG coalgebra (C, d, h), the cobar construction Q(C) is a

DG algebra whose differential is given by dy + dy + ds.
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Proof. Since dy, di, and dy are derivations of degree —1, (dg + dy + d2)? = %[do +dy + da, do + dy + da].
It suffices to show that for any s~1c € C[-1],

(d() +d; + d2)2(8_10>

(dodo —+ d0d1 —+ dodg + d1d0 + d1d1 + d1d2 —+ dgdo —+ d2d1 + dgdg)(silc)

= 0.
Indeed,
o (dodp)(s7te) =0 and (dydg)(s~1c) = 0 for the curved DG coalgebra C is coaugmented;
o (dody)(s7te)=0for hod = 0;
o (dodo)(s7te) = O by the construction of da;
o (dodo+dydy)(s7te) = —(=D)I€In() s~ e +h(") s~ ¢/ +s71d%(¢) = O since d? = (h®id—id®h)oA;
o (dydy+dady)(ste) = (=D)€Is () @s e —s 1 @s td(¢" ) +(—1)14) | s=1d(c) @5~ 1d(c)” = 0

since d is a coderivation;
(dads)(s™1c) = 0 because of the coassociativity of C.

O

Recall from [12, Def. 2.9] (see also [10, Sec. 3.3.1]), a semi-augmented DG algebra A is a DG algebra
equipped with a linear map € : A — k (not necessarily compatible with the DG algebra structure) such
that e(14) = 1. € is called the semi-augmentation map. For a semi-augmented algebra A, let A denote
the kernal of e. And one has an isomorphism of graded vector spaces A = A @ k.

A morphism f between two semi-augmented DG algebras (A, da, €) and (A4', da/, €') is a morphism
of DG algebras f : (A, da) — (A, das) such that ¢ o f = e. We denote by SemiDGAy /i the category of
semi-augmented DG algebras over k. DGAy /i, the category of augmented DG algebras, is a full subcategory
of SemiDGAy /x.

Given a coaugmented curved DG coalgebra (C, d, h), the cobar construction Q(C) is semi-augmented
with the canonical projection £(C) — k being the semi-augmentation map. Moreover, it is clear that £(-)
is functor from the category of coaugmented curved DG coalgebras with strict morphisms to the category
of semi-augmented DG algebras.

2.4. Bar constructions of curved DG algebras. Recall from [26] that a curved DG algebra (4, v, ©) is
augmented if it is augmented as a graded algebra, and the augmentation map € : A — k satisfieseoV =0
and €(0©) = 0. Notice that if A is non-positively graded, then these two conditions are automatically
satisfied. If A is augmented, then A = k @ A as curved DG algebras, where k is viewed as curved DG
algebra (k, 0, 0).

The bar construction B(A) of an augmented curved DG algebra (A, v, ©) is defined as the graded
tensor coalgebra T¢(A[1]) equipped with three coderivations do, dy, and ds, where dy (resp., d;) is induced
by © (resp., V) on A and dy is the coderivation whose corestriction to A[1] is given by the composite map

T(AN) - Al @ Al 2 k] @ k1] © Ae A X2 k1) A= Afl]
]

) =
where py : k[1] ® E[1] — E[1] is the map of degree —1 taking 1y} ® g to 1y, More explicitly, given
(say, -+, sa,) € B(A),

n

(2.4) do(say, -+, san) = Z(,l)\al\+...+|ai|+i+1(sa17 c, 5ai, 8O, 8Gip1, -+ 5 SGn)
=0
(2.5) di(sai, -+, sa,) = Z(fl)l‘“H'”H‘“*l|+i(sal7 s, 8V(ag), e, San),
i=1
and
n—1
(2.6) da(sar, -+, sa,) = Z(fl)““‘*"*l‘“l“*l(sal, ey s(aiaigr), e, San) .
i=1
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The following proposition is formally dual to Proposition and the proof is very similar.

Proposition 2.3. Given an augmented curved DG algebra (A, V, ©), the bar construction B(A) is a DG
coalgebra whose differential is given by do + di + ds.

2.5. Curved twisting morphisms. Given a curved DG algebra (A, V, ©) with the unit map u : k — A
and a curved DG coalgebra (C, d, h) with the counit map € : C — k, the graded vector space Homy (C, A)
is a graded algebra with the convolution product given by

frg=po(f®g)oA:C—A.
The degree —1 map 9 on Homy(C, A) defined by
af)=vof—(-)lfod
is a derivation (see [19, Prop. 2.1.1}).
Proposition 2.4. (Homk(C, A), 0,0e—wuo h) is a curved DG algebra.
Proof. For any f € Homy(C, A),
P(f) = voolf)—(-)M'71o(f)od

= Viof—(-D)lvofod—(-D)VI"'Vo fod— fod?

= [0, ]of—fo(h®id—id®h)oA

= (Oe)xf—f*x(Oc)—(uoh)* f+ fx(uoh)

= [@e—wuoh, f].
Moreover,
9(@e—uoh) = VoO@e—0BOeod—Vouoh+uohod =10,
for V(@) =0,cod=0,Vou=0,and hod=0. O

An element o € Homy (C, A) of degree —1 is called a curved twisting morphism if it is a solution of the
curved Maurer-Cartan equation

(2.7) da)+axa = —Oe+uoh.

Write CTw(C, A) for the set of curved twisting morphisms from C to A. When A is (semi-)augmented and
C is coaugmented, a curved twisting morphism from C to A is supposed to send k to 0 and C to A.

Proposition 2.5. For every semi-augmented DG alegbra (A, da, €4) and every coaugmented curved DG
coalgebra (C, de, h), there exists a bijection

HomSemiDGAk/k(Q(C)v A) = CTw(C, A4).

Proof. Since the underlying graded algebra of Q(C) is T(C[—1]), there is a one-to-one correspondence
between the set of semi-augmented algebra morphisms from Q(C') to A and the set of k-linear maps from
C[-1] to A. Let @ be a morphism in Homseninea, , (2(C), A). Its restriction to C[—1] induces a degree —1
map « : C — A via a(c) = @(s~lc). The compatibility of & with differentials reads

(2.8) daod = do(dy+dy +do).
Given s~tc € C[-1], implies that
(2.9) daoalc) = daoa(s™'c)
= ao(do+di+ds)(s'c)
= a(h(c) — s tde(e) — (-1 )els™ @ s ")

= h(e) —aode(e) - (=1)“la(c)a("),
which is equivalent to « satisfies

da)+axa =uoh.
7



Thus, o € CTu(C, A).

Conversely, given o € CTw(C, A), we construct a k-linear map &(s~!c) from C[—1] to A via a(s~lc) =
a(c). By abuse of notation, we still denote the corresponding semi-augmented algebra morphism from
Q(C) to A by &. To check the compatibility of & with differentials, it is enough to check on the generators
C[—1] which is done in . Therefore, & € H0m58miDGAk/k(Q(C), A). Finally, it is clear that the two
constructions above are inverse to each other. U

2.6. Twisted tensor products. Let & € Homy(C, A) be a morphism of degree —1. Let d/, denote the
degree —1 morphism from C ® A to itself given by

dl == (lde®@p)o(ide ® a®ida) o (A®ida).
Explicitly, for a € A and c € C
(2.10) d(c®a)= (-1 @ a() - a,

where A(c) = ¢ ® ¢ in the Sweedler notation. Similarly, let d!, denote the degree —1 morphism from
A® C to itself given by

d, = (u®ide) o (idy ® a®ide) o (idy ® A).
Explicitly, for a € A and c € C
(2.11) d(a®c)= (-1 a(d)o ",
Lemma 2.1. The morphism dl, satisfies

degaody +di, odcga = djy,y and di odg, = dj

[e2 Yo RN

Moreover, the morphism d., satisfies

dagc o dy +dj, o dage = dy,y and d, odj, = —d,

kot

Proof. The statements about df, are given in (the proofs of) [19, Prop. 1.6.2 and Lemma 2.1.4]. The
statements about d’, can be proved in a similar manner. (]

Given a (uncurved) DG algebra A and a (uncurved) DG coalgebra C, let o € Homy(C, A) be a twisting
morphism. It turns out that there are two chain complexes:

CRaA=(CRA, doga+d,) and A®,C:=(A®C, digc —d.),

which are called the right twisted tensor product and the left twisted tensor product, respectively (see [19]
Sec. 2.1] for details). In general, (dcga +d%)? and (dagc — d',)? are nontrivial if either A or C' is curved.
Nevertheless, if one of A and C' is curved and the other is uncurved, there exist the following two chain
complexes that are related to the twisted tensor product constructions.

Proposition 2.6. Let (A, da) be a DG algebra and (C, d¢, h) be a curved DG coalgebra. Suppose « is a
curved twisting morphism, i.e., (o) + axa =wuoh. Then the free A-bimodule generated by C' is a chain
complex, denoted by A @, C ®, A, with differential given by

(2.12) dagoea +idg @ dl, —d', @idy .
8



Proof. All we need to check is that squares to zero:

(dagcsa +ida @ dh, —d, @ida) o (dagcea +ida @ dl, — d', @ id4)

= ida ®d% ®ida + (da ®idcga) o (ida @ dL) +ida @ (dega o dl)
—(dagc od') oids — (idage ® da) o (d', @ id)
+(idg ®d%) o (da ®idoga) +ida @ (d7, 0 doga) +ida @ (d7, o dh)
—(ida ®dy,) o (df, ® ida) — (d}, 0 dage) ®ida — (df, ®ida) o (idage @ da)
—(d, ®ida) o (ida ® d}) + (d), o dl,) ®ida

= ida® (degaod,, +d,, odoga+d,od))+da®d, —da®d,
—(dagcod, +d. odyge —d', od,)®idy +d', @ds —d', @ da
+idg ®d% ®@idg — (ida @ d%) o (d, @ids) — (d', ®ida) o (idy @ d7,)

By Lemma [2.1]

degaodg +di odega +dy 0dy, = dyoigra = dyon s
and

dagc © dfl + dfl odagc — dla ° dla = dlaa+a*a = dioh .

By the definition, id4 ® d:é ®idy = diwh ®idg —ida ® d;,,;,. Moreover, one can check that

(idg @dL) o (d, @ida) = —(d), ®@id) o (ida @ d%).
This finishes the proof of the deseried proposition. O
Proposition 2.7. Let (A, vV, ©) be a curved DG algebra and (C, d) be a DG coalgebra. Suppose « is a

curved twisting morphism, i.e., O(a)+axa = —O¢, then (2.12)) induces a differential on AR 4 (AQCRA).
The resulting chain complex is denoted by A R4 C.

Proof. Following the proof of Proposition [2.6] one can show that, on A® C ® A,
(dagceoa+ida @ dh, —d\, ®id) o (dagcea +ida @ d7, — d', @ idy)
= V2®ide ®ida +ida ®@ide @ V2 —idg ® db, + db, @ ida
= 0 )Ride®idy —ids ®ide ® (—- O).

The desired proposition follows from the fact that for any A-bimodule M, A ® 4e M is isomorphic to the
commutator quotient space of M. O

3. QLC KOSzZUL ALGEBRAS

In this section, we introduce the notion of an associative algebra presented by quadratic-linear-constant
(QLC) relations and study its curved Koszul duality theory, which enables us to obtain semi-free resolutions
of the QLC algebra.

3.1. QLC algebras. A quadratic-linear-constant (QLC) data is a non-negatively graded vector space V
together with a degree homogeneous subspace

RCckaVaVe?,

The QLC algebra A = A(V, R) :=T(V)/(R) is the quotient of the free associative algebra over V by the
two-sided ideal (R) generated by R. We assume that R satisfies the following two properties:

(3.1) Rn (ke V)={0}

(3.2) (RN(keV V) =R.

The first condition amounts to the minimality of the space of generators of A(V, R), and the second
condition implies that (R) does not create new QLC relations. Notice that a QLC algebra is semi-

augmented, and the semi-augmentation map is induced by the augmentation map from T'(V) to k.
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Let ¢ : T(V) — V®2 be the projection onto the quadratic part of tensor algebra, and gR be the image
of R under ¢. (3.1]) guarantees that there exists a degree 0 linear map ¢ : ¢R — k@® V such that R is the
graph of . Write ¢ = (—¢, 0), where ¢ : ¢R — V and 0 : gR — k. One has

(3-3) R = {x—¢(x)+0(x) | v €qR}.

Since (V, ¢R) is a quadratic data (in the sense of [I9] Sec. 3.1]), We denote by gA the associated
quadratic algebra, i.e., gA = T(V)/(qR). Notice that gA is weight graded:

(3.4) gA = PeA" = koVe (V/qR)@--a (VO Y V¥eqRaV)a---.
neN i+2+j=n

3.2. Koszul dual curved coalgebra. Recall from [I9, Sec. 3.2], the Koszul dual coalgebra (qA)t =
C(sV, s?qR) of the quadratic algebra qA is a non-negtaively graded, connected coalgebra equipped with a
weight grading given by

(3.5) (@A) = PgA)™ = kesVes’Re-a( [ V) @s’Re(sV)¥)a---.
neN i+24+j=n

¢ induces a degree —1 map é from (gA)i to sV via the composition:
(3.6) ¢ : (qA) = C(sV, s*°qR) — s*qR LA sV,
and 0 induces a degree —2 map 6 from (gA)i to k via the composition:
(3.7) 0 : (qA)i = C(sV, s*qR) — s*qR S0y
Proposition 3.1. ((¢A), o, é) s a curved DG coalgebra.

We call this curved DG coalgebra the Koszul dual curved coalgebra of A.

Lemma 3.1. [24, Ch. 5 Prop. 1.1] The map ¢ = (—¢, 0) satisfies the following conditions

(3.8) (p®id —id® ¢)(VegRNgR®V) C qR
(3.9) $o(pRid—idR)(VRgRNgRRV) = (®id—id®0)(VegRNgRRV)
(3.10) fo(p®id—id®¢)(VogRNgRRV) = 0.

Lemma 3.2. Let h be a linear map of degree —2 from a graded coalgebra C to k, then (h®id—id®h)o A
is a coderivation on C.

Proof.
(h®id-id®h)A®id+id® (h®id —id ® h)A) o A
= h®ideid-ideheid+id®h@id—id®id® h) o A®)
(h®id®id —id ®id ® k) o A®)
(h@ A—A®h)oA
= Ao((h®id—id®h)oA)
U
Proof of Proposition[3.1 By the construction, there exist a unique coderivation on 7¢(sV) extending é
(which is denoted by ¢ as well). First of all, we need to show that ¢((¢A)!) C (¢A)i. Recall from (3.5)) that
there is a weight decomposition on (¢A)i. By the formula for coderivations on T°(sV'), one can check that
(3-8) in Lemmaimplies ((qA):B)) C (qA)b ). Moreover, ((qA) ) C (gA)F (D) by the construction
of ¢. We shall show that ¢((gA)" "*+1)) C (gA)" ™ by induction.

Let p; (resp., pn,—1) denote the canonical projection from T¢(sV) onto sV (resp., (sV)®"~1), and one
has

(Pn—1®@p1) 0 A |(svyen = id |svyen = (P1 @ Pr_1) 0 A |svyen -
10



It is clear that ¢((qA)i (1)) c (sV)®". Hence, on (gA) *+1),

(3.11) ¢ = Pr1®@p1)oA0d = (Pre100) @p1+ Pt @ (p10@)) 0 A,
and
(3.12) ¢=P1@pp_1)oAod = ((p10@) @pn_1+p1 & Pr_100)) 0 A.

The weight grading on (¢gA)i implies that
(id®p1) o A((gA)r ") € (gA)F M @ (qA) )
and (Pn—1 ®@id) o A((gA)b D) c (qA)b (=1 @ (qA) )
By and the inductive hypothesis @((gA)i (™) c (gA)» =1 we obtain that ¢((gA) ("tD) ¢

(qA)» =1 @ sV . Similarly, one could deduce ¢((gA)» "1y C sV @ (gA)» =V from (3.12). There-
fore,

S((¢A) ") (gAY @ sV () sV @ (g4) Y
c ([ WM¥esRaEV)N( () VT es’Re (sV))
i+2+4j=n—1 i+2+4j=n—1
= ﬂ (sV)® @ s2qR @ (sV)®7
i+24j=n
= (qA)"™.

Therefore, ¢ is a coderivation on (gA)!.

Next, by Lemma 3.2, both (# ® id —id ® §) o A and ¢? = %[d), @] are coderivations on (gA)i. Thus,
(;32 — (9~ ®id —id ® 9~) o A is completely determined by its corestriction to sV, which vanishes by (3.9)).
Thus,

¢ = (A®id—id®0)oA.

Lastly, it is clear that (3.10)) implies 6 o ¢ = 0. This finishes the proof of the desired proposition. O
Remark. In [25], the author shows that (¢A)', the graded linear dual of (¢A)i, is a curved DG algebra
under some finiteness assumptions.

3.3. The cobar construction of the Koszul dual curved coalgebra. Consider the following com-
posite map from the Koszul dual curved coalgebra (gA)' to A,

-1
Kk (qA) = C(sV, s°qR) - sV 2=V < A= A(V, R).
Lemma 3.3. The map k is a curved twisting morphism in Homy((¢A)/, A).

Proof. Notice that the map & o b+ Kk * K is zero everywhere except on s2¢R, and its image is precisely
{—z+ ¢(x) | = € qR}, which equals {f(z) | z € ¢R} in A. Therefore, one has

(3.13) Kod+r*k = uob,
which implies that k is a curved twisting morphism. O

By Proposition k induces a morphism of semi-augmented algebras g, : Q(C) — A, where C =
((gA)1, ¢, 0) is the Koszul dual curved coalgebra. Recall from [I9, Thm. 3.4.4], the quadratic algebra qA
is called Koszul if the canonical projection from (Q((gA)"), d2) to gA, induced by

(qA)t = C(sV, s°qR) — sV LI 7PN qA = A(V, qR),
is a quasi-isomorphism, where d, is the differential induced by the reduced comultiplication on C. The

following theorem is a generalization of [I9, Thm. 3.6.3] to the case of QLC algebras.

Theorem 3.1. Let A be a QLC algebra, and C = ((¢A)/, b, é) be its Koszul dual curved coalgebra. Suppose

qA is Koszul, then the morphism of DG algebras g, : Q(C) — A is a quasi-isomorphism.
11



Notice that A is equipped with a weight filtration F induced by the weight filtration on T(V), i.e., F)
is given by the image of 7S" (V) under the canonical projection T'(V) — A. Let grA denote the graded
algebra associated to this filtration. The following proposition is based on Lemma [3.I] and equivalent
characterizations of the Koszulness [24] Ch. 2 Thm. 4.1] (see also [1]).

Proposition 3.2. [24, Ch. 5 Thm 2.1] Let A = A(V, R) be a QLC algebra, and gA be the associated
quadratic algebra. Suppose qA is Koszul, then grA is isomorphic to qA.

Remark. Proposition is called the nonhomogeneous Poincaré-Birkhoff-Witt (PBW) theorem in [24].
For instance, let A = U(a), the universal enveloping algebra of a finite dimensional Lie algebra a. Then
Sym(a) = gA = grA is nothing but the classical Poincaré-Birkhoff-Witt theorem for Lie algebra a.

Proof of Theorem[3.1} Since C' is weight graded, the graded algebra T'(C[—1]) is weight graded as well.
We consider the filtration F,. of Q(C) defined by its weights: the elements of F,. are the elements of weight
less than or equal to r. It is clear that g, is morphism of filtered complexes.

Let E?, (resp., E.%) be the spectral sequence associated to the weight filtration on €(C) (resp., weight
filtration on A). Since both filtrations are bounded below and exhaustive, the classical convergence theorem
of spectral sequences [33, Thm. 5.5.1] implies that E®, and E.% converge to Ho(€2(C)) and H,(A4) = A,
respectively, and the map induced by g,; on homologies

He(gx) : Ho(R2(C)) — A

is compatible with the corresponding map between {E®.} and {E.*}.
E?, is made up of the elements in £(C) of degree equal to r + s and weight equal to r. The three
components of the differential map do(cy = do + di + da satisfy

dg : FT*)FT dl : Fr%Fr—l do : FT%FT_Q.

Thus, the differential d° on EY, is given by dy. By proposition E;g is made up of the elements in gA of
degree equal to r + s and weight equal to r. It is easy to see that the corresponding map from EY, to E;f;
is precisely the canonical projection from Q((¢A)!) to gA, which is a quasi-isomorphism for ¢A is Koszul.

Thus, the corresponding map from E!, to E,! is an isomorphism. The desired theorem follows from the

comparison theorem of spectral sequences [33] Thm. 5.2.12]. O

Remark. Polishchuk and Positselski have a similar result in [24]. However, their definition of cobar
constructions is slight different than what we have. Those two definitions are equivalent if we assume that
V' is a finite dimensional vector space.

Showing the condition could be difficult. However, if ¢A is Koszul, it suffices to check a weaker
condition:

In the proof of Lemma the authors only use the following condition

(3.14) (VRRORaV)N(kaVaeV®) C R,
which is weaker than (3.2)). Moreover, if ¢A is Koszul, we still have the PBW isomorphism
grd = ¢A.

It follows from the weight 0 and 1 components of this isomorphism that
(3.15) (R)N(keV)={0}.
Additionally, in weight 2, the PBW isomorphism implies that

(3.16) R = q(R)n(kaV e V).

These two conditions imply (3.2). Indeed, if R C ((R) N (k@ V & V?)), by (8.16)), one can find z, y €
(R)N (k@ V & V®2) such that x # y but ¢(z) = q(y). Then 0 # x —y € (R) N (k © V), which contradicts

the condition (3.15).
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3.4. Koszul resolution. Let A be a QLC algebra satisfying the conditions and (or equivalently,
(3.14)). By Proposition and Lemma the Koszul dual coalgebra (gA)i of A is a curved DG coalgebra
and there is a curved twisting morphism k : (¢A)! — A. In addition, by Proposition there is a chain
complex of A-bimodules A ®, (¢A)! ®, A, called the total Koszul complex of the QLC algebra A. The
following theorem generalizes the Koszul resolution of quadratic algebras to QLC algebras.

Theorem 3.2. Let A be a QLC algebra, and (gA)! be its Koszul dual curved coalgebra. Suppose qA is
Koszul, then the total Koszul compler A®, (qA) @, A is a resolution of A in the category of A-bimodules.

Proof. Consider the following composition

€ A®, (qA) @, A L2CY foked = AA L A,

It is straightforward to check that £ is a morphism of A-bimodules. We are going to show that this
morphism is a quasi-isomorphism.
The weight filtrations on A and (¢A)! induce a filtration on A ®, ®(qA)' ®, A:

F(A®, (qA) ®, A) = Z F., A® F,,(qA) @ F,,A.
ritretry=r
Let E®, (vesp., E.*) be the spectral sequence associated to the filtration on A®, ®(gA)i ®, A (resp., weight
filtration on A). Since both filtrations are bounded below and exhaustive, and £ is a morphism of filtered
complexes, by the classical convergence theorem of spectral sequences, the induced map on homologies

He(§) : Hi(A®, ®(qA) @, A] — Ho(A) = A

is compatible with the corresponding map between {E®.} and {E.*}.
Since
grF, (A® (qA) @ A) = grA®@gr(qA) ® grA = ¢A® (qA) ® ¢A,
E?. is made up the elements of ¢4 ® (¢A)! ® gA with degree euqal to r + s and total weight equal to 7.
Recall the differential on A ®, (¢A)! @ A is given by

do+ida®d. —d. ®@idy,
where d¢ is induced by ¢ which decreases the filtration by 1. Since k preserves the weight filtrations, the
differential on the EY, is given by idga ®dj, — d, ® idga, where o is the canonical twisting morphism from
(qA)! to gA. Moreover, the corresponding map from EY, to E, is given by the following composition

GA @, (qA) @ gA 229 AR kR qA = gA®qA L gA.

Since ¢A is Koszul, the map above is a quasi-isomorphism by [19, Ex. 2.7.6]. Thus the corresponding map

from E}, to E.L is an isomorphism. It follows from the comparison theorem of spectral sequences that
H, (&) is an isomorphism. O

Example 3.1 (The Weyl algebra). Let V be the two dimensional vector space generated by {z, y}, and
R is the one dimensional space generated by {yz — zy — 1}. It is clear that both conditions and
are satisfied. A = T(V)/(R) is the first Weyl algebra. Since ¢R is the one dimensional space
generated by {yx —xy}, ¢A is the symmetric algebra Sym(V') which is Koszul. The Koszul dual coalgebra
is (qA)T = Sym°(sV), the cofree cocommutative coalgebra over sV. As vector spaces, Sym°(sV) = A*(V).
Thus the free resolution provided by Theorem can be written as

(3.17) ANV @A 2 AoVed 2 A A,
where the differentials are given by
P(l@rAyel) = -1920y+1Q0yRr—10yR1+yre1,

h(lezrel) =10rx—2x1 and h(leyel) =1y—yx1.
This is the length-two resolution constructed in [I5 Sec. 1], which can be used to compute the Hochschild

homology of the Weyl algebra A (see [16, Sec. 5.10]).
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The Weyl algebra is a special case of the next example.
Example 3.2 (The universal enveloping algebra of a “unital” Lie algebra). Let
0—+k-a—-g—g—0

be a central extension of a finite dimensional Lie algebra g by a trivial g-module k-a = k. It is known that
the equivalence classes of central extensions of g by the trivial g-module & is in one-to-one correspondence
with the second Lie cohomology group of g with trivial coefficients (see, for example, [33], Ch. 7]). Let Ug
be the universal enveloping algebra of g and consider the quotient A = Ug/(a — 1). It can be shown that
A is a QLC algebra with g as the space of generators and R is generated by

(3.18) TRy -y -z, y - hz,y),

where z, y € g and h(z, y) is a 2-cocycle describing the extension.

Let Ass be the binary quadratic operad governing nonunital associative algebras, and Lie be the binary
quadratic operad governing Lie algebras. Let p € Ass(2) be the generator of Ass and v € Lie(2) be the
generator of Lie. Recall that there is a morphism of operads from Lie to Ass given by v — p — p(12),
which induces the Lie algebra functor Lie from the category of associative algebras to the category of Lie
algebras.

The notion of a unital version of a binary quadratic operad was introduced by Hirsh and Milles in [10].
Let uAss be a operad with generators u € uAss(0) and p € uAss(2) and relations poy g — pog pt, o u—id,
and pog u—id. Then uAss, which is a unital version of Ass, governs unital associative algebras. Similarly,
let cLie be a operad with generators ¢ € cLie(0) and v € cLie(2) satisfying v(1?) =
vorv+ (o v)12) 4 (vo; ¥)(132) and v oy ¢. Then cLie, which is a unital version of Lie, governs Lie
algebras with a designated central element. g is an example of a cLie-algebra with a being the designated
central element. By abuse of terminology we call g a unital Lie algebra and view a € g as the “unit”.

—v and relations

The morphism of operads from cLie to uAss given by v — p — p(*? and ¢ — u induces the unital Lie
algebra functor ulie from the category of unital associative algebras to the category of Lie algebras with
a designated central element such that the unit is sent to the designated central element. One can mimic
the construction of universal enveloping algebras and show that uLie has a left adjoint functor, and the
image of g under this functor is precisely A. Therefore, we can view A as the universal enveloping algebra
of the “unital” Lie algebra g. We refer to [3I] for an interpretation of A in Lie algebra representations.

The Koszul dual coalgebra (gA)t of A is the Chevalley-Eilenberg DG coalgebra of g, and the corre-
sponding curved twisting morphism & : (gA)! — A is induced by g[1] — g. The relation implies
that A is a right g-module with the action given by

m-g = mg-—gm,

for m € A and g € g. Using the resolution A ® (¢A)! ®, A provided by Theorem one can identify
the Hochschild (co)homology of A with the Lie algebra (co)homology of g with coefficients in A (¢f. [31],
Prop. 5.3] and [14], Cor. 5]), that is,

HH.(A) = Ho(g, A)  and  HH*(A, A) = H*(g, A).

4. CycLIC (CO)HOMOLOGY OF QLC ALGEBRAS

We give the construction of (reduced) cyclic bicomplexes of an augmented curved DG algebra. To the
best of our knowledge, this material has not appeared in the literature. The main result in this section is
a generalization of a theorem due to Feigin and Tsygan.

4.1. Hochschild complex. Recall that the bar construction B(A) of an augmented curved DG algebra
(A, v, ©) is a DG coalgebra. Moreover, the following composition

7 B(A) » Al 2 A s A,
14



is a curved twisting morphism. By Proposition »A®z; B(A) is a chain complex, called the Hochschild
complex of A, and the differential is given by the sum of the following three terms:

n

(4.1) df (ag, say, -+, sa,) = Z(—l)‘““”"'ﬂailﬂﬂ(ao, say, -+, Sa;, $O, Sait1, v, Say),
i=0
(4.2) df(ag, say, -+, sa,) = (V(ao), say, --- , say)
+ Zn:(—l)‘“°‘+"'+|“i‘1‘+i(ao, say, -+, 8V(ai), - -, San),
i=1

and
(4.3) d(ag, sa1, --- , san) = (=11 (apay, sas, -, say)

+ "_1(_ YlaoltHlaid =10 say, | s(aiaip), - -, San)

1

i
1 _ -1
+ (=)l aoltHana 01 (g 00 s san ).

The associated homology is called the Hochschild homology of the curved DG algebra A and is denoted
by HH4(A). Moreover, the assocaited homology of the subcomplex ;A @, B(A) is called the reduced
Hochschild homology of the curved DG algebra A and is denoted by HH,(A).

Remark. Given a DG coalgebra C, one can construct the DG bicomodule of differentials Q!(C) over
C (see |29, Sec. 4] for details). It can be shown that, up to a shift in degree, A ®, B(A) with the
differential described above is isomorphic to Q'(B(A))?, where (-)! denotes the cocommutator subspace
of a bicomodule.

4.2. Cyclic homology. Let B(A) be the subspace of B(A) whose underlying graded vector space is
T<(A[1]), and it is immediate to check that B(A) is a subcomplex of B(A). Let 7T}, denote the cyclic group
action on A[1]®" i.e.,

(4.4) To(say, -+, sa,) = (—1)enFDlalttlanalin= 5y gq, ... sa, ).
Consider the map 1 — T from B(A) to ,A[1] ®, B(A) whose restriction to A[1]®" is
(4.5) (1-T,)(sa1, --- , san)
= (say, -, sap) — (_1)(Ian\+1)(\a1\+---+|an-1anl)(sam Say, -+, Sp_1),
and the map N from ,A[1] ®, B(A) to B(A) whose restriction to A[1]®" is
(4.6) (I+Tp+-+ T2 Y(say, -, say)
_ i(_l)u@umﬂan\+nfi+1><|a1|+---+\ai71|+i—1)(8% e, Sap, Sa1, -, sai_1).
i=1

Lemma 4.1. 1 —T and N are morphisms between complezes.

Proof. The isomorphism between ,A[1] @, B(A) and ;A ®, B(A) is given by s : a ® b — sa ® b, hence
the differential on ,A[l] ®, B(A) is —d}f — df — dif. We will show that
(4.7) (—dif —d —aYo(1-T) = (1 —T)o(do+dy+ dy)
and (do+dy+dy)oN = No(—dff —aff —all).
Let
(—D)lanbrotlad izt (s, oo s(aiai), - 5 san) 1<i<n—1
da,i(sa1, -+, san) =
’ (_1)(|an|+l)(|a1|+"'+‘an*1‘+n_1)+|an‘(s(ana1)7 sag, -+, sanil) Z =n.
Then dy =ds 1 + -+ +do n_1 and —dif =dy 1 + -+ da ,, on A[1]®". The ungraded versions of

(4.8) (=di)o(1-T) = (1-T)ody, and dyoN = No(—d¥)
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are proved in [I7, Lemma 2.1.1], and the key ingredient in the proof is the identity
(4.9) dy;0T, = Thody -1 for2<i<n and dy 0T, =dsn,

which is also true in our case. Following the same argument as in the proof of [I7, Lemma 2.1.1], one can
prove . We leave the detail to the reader.

By comparing and , it is clear that —d¥ = d; when they restrict to A[1]®". A straightforward
checking shows that dy o T}, = T}, o d; on A[1]®". Therefore, we have

(4.10) (=d)yo(1-T) = (1-T)od; and dyoN = No(—dl).
Let
doi(say, -+, sap) = (—1)"“I'*""*'la'il"”]rl(sal7 cee, SQ4, SO, -k say) 0<ign,

Then dy = do, o+ +do,n and —dfl =do, 1+ +do,, on A[1]®". The following identity is easy to check

. 0,i°1lp = Thodgi—1tforl <i<n an 0,0 =14nody n-

411 do.; 0T, = Tyodo i1 for 1 <i d doo=Tyodo,

Now,

(412) (—déi)o(l—T) = (d0,1+"'+d07n_Tnod070_"'_Tnod0,n—1)
= (do,0+do,1+---+don—Thodoo——Thodyn-1—Tnodon)
= (1—T)Od0.

Moreover, (4.11)) implies that

(4.13) do.ioTi = !

n

T? ody,i—j when 0 < j <
T,Z""l o dO,n—j+i when i <] <n— 1

Then one can write
n n—1
dooN = (D doi)o (D> T))
i=0 =0

= Z Tg o dO, i—j + Z T£+1 o doﬁ n—j+i

0<j<i<n 0<i<j<n—1
. o
= > 0> T+ Y TiMoedy,
1<gsn 0<jsn—¢q n—q+1<j+1sn
— No(-df)
Therefore, (4.7) holds, and we have proved the desired the lemma. O

Since (1 —T)o N =N o (1 —T) =0, we have a periodic complex of chain complexes
(4.14) o A ®.B(A) 2L B(A) 2 LAl @, B(A) £ BA) L
The reduced periodic cyclic bicomplex of an augmented curved DG algebra A is the bicomplex assocaited
to (#.14), denoted by CC""(A). The reduced periodic cyclic homology HCL" (A) of A is (up to a shift in
degree) the homology of the direct sum total complex Tot® (@per(A)), ie.,
(4.15) HC." (A) = Hep[Tot® (CC™ (A))].
Remark. Notice that (4.14]) is a generaliztion of the periodic complex constructed in [29] Sec. 5], which is
indentified to be the periodic cyclic bicomplex of a nonunital algebra. In particular, if A is an augmented
k-algebra (viewed as a curved DG algebra with trivial v and ©), then the bicomplex associated to (4.14)) is
nothing but the standard reduced periodic cyclic bicomplex for A with the column degrees shifted up by 1.
Therefore, technically, (#.14) should be CC"* (A)[0, 1] which explains the degree shifting in the definition
above.
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Moreover, we have two other complexes

(4.16) 0+ All] @, B(A) =L B(4) <L L A[l]®, B(4) <=L B(4) <& ...,
and
(4.17) o A @, B(A) <1 B(4) - LAl @, B(4) ¢ B(A) «+— 0,

where the first nonzero column of (4.16) is in degree 0 and the last nonzero column of (4.17)) is in degree
1.

The bicomplex associated to (4.16)) is called the reduced cyclic bicomplex of an augmented curved DG
algebra A, denoted by CC(A). The reduced cyclic homology HC4(A) of A is (up to a shift in degree) the
homology of the direct sum total complex Tot® (@(A)), ie.,

(4.18) HC.(A) = Hep1[Tot® (CC(A))].

Similarly, the bicomplex associated to (4.17)) is called the reduced negative cyclic bicomplez of an augmented
curved DG algebra A, denoted by CC (A). The reduced negative cyclic homology HC, (A) of A is (up to
a shift in degree) the homology of the direct sum total complex Tot®(CC™ (A)), i.e.,

(4.19) HC, (A) = Hep1[Tot®(CC (4))].
It is clear that there is a short exact sequence

0 CC (A) — CC™'(4) — CC(A)[2, 0] — 0,

which induces the following long exact sequence
(4.20) ... — HC, (A) — HC.,"(A) — HC,_»(A) — HC,_,(A) — ---.

By [17, Thm. 2.1.5], the rows in CC"* (A) are exact. If CC"* (A) is concentrated on the upper half-
plane (for instance, A is non-negatively graded), the row filtration on Tot® (CC" (A)) is bounded below
and exhaustive. The classical convergence theorem of spectral sequences forces ?Cfer(A) to be trivial.

Additionally, the spectral sequences associated to the row filtrations on Tot® (CC(A)) and Tot® (CC™ (A))
collapse at the first pages with only one non-zero column. Therefore, one has

(4.21) HC.(A) = Hepq[Coker(1 —T : B(A) = A[l] @, B(A))],
and
(4.22) HC, (A) = Ho[Ker(1 =T : B(4) =, A[l] ®, B(4))].

By [29, Lemma 1.2], the kernal of 1 — T is isomorphic to B(A)%, the cocommutator subspace of B(A).
Hence,

(4.23) HC, (4) = H,[B(A)].

4.3. Cyclic cohomology. Recall that B(A) is weight graded: B(A4) = @ B(A)™, where B(4)™ =
neN

A[1]®". We define the bi-graded (weight and homological gradings) linear dual of B(A) to be
(B, = D BA™)".

Similarly, the bi-graded linear dual of ,A[1] @, B(A) is

(Al @x B(4)),, =P (A1) @ B(A)™)".

Taking the bi-graded dual of (4.14)), (4.16)), and (4.17)), one has the following three complexes
(4.24)

A (AN e.BA);, 5 (BA);, Y (AN, B(A)),, 5 (B(A);, -

(425) 0 — (Al @, B(4);, = (B(4);, = (Al e, B4);, =5 (BA);, X



4.26) - (Al @, B(A); =5 (B(A);, Y (Al @, B(A4);, 5 (B(A);, — 0,

whose associated bicomplexes are denoted by @;Cr(A), CC"(A), and CC" (A), respctively.

The reduced periodic cyclic cohomology ?C;er(A), the reduced cyclic cohomology ?C.(A), and the re-
duced negative cyclic cohomology ?C:(A) are (up to shifts in degrees) the homologies of the direct product

total complexes of (4.24]), (4.25)), and (4.26), respectively. Explicitly,

==

(4.27) HC,..(A) = H_,[Totl[(CC, . (4))],
(4.28) HC'(A) = H_,[Totl[(CT"(4))],
(4.29) HC"(A) = H_,_[Tot!l(CC(4))].
Dual to , we have
(4.30) .o — HC"(A) — HCp,(4) — AC"(4) — HC"(4) — -

4.4. Noncommutative differential forms. We shall recall some basic definitions and results related to
the bimodule of noncommutative differential forms. We refer to the paper of Quillen [29] for a detailed
treatment.

Let R be a DG algebra. The bimodule Q' R of (noncommutative) differential (1-)forms over R is defined
to be the kernel of the multiplication map px : R® R — R. The R-bimodule structure on Q'R is induced
from the outer bimodule structure on R® R. By definition, there is a short exact sequence of R-bimodules

(4.31) 0— QRS RoRLSR—0.
Notice that Q! R represents the functor Der(R, -), i.e., for any R-bimodule M, one has
Der(R, M) = Homp-(Q'R, M),

where Der(R, M) is the complex of all k-linear derivations from R to M. If M = Q'R, the derivation
d : R — Q'R, corresponding to the identity map under the isomorphism above, is the universal derivation.

Given a R-bimodule M, we denote its commutator quotient space by My, i.e., My := M/[R, M], and
let § : M — My denote the canonical projection. In the case of a free bimodule, one has the following
identification (c¢f. [29, Prop. 3.5]).

Proposition 4.1. There is a canonical isomorphism (R®V @ R)y =V ®@ R, and the canonical projection
s given by the composition

ReVe@R -5 VoRoR Y VeR,

where t is the cyclic permutation.
We can apply the commmutator quotient space functor to the canonical injection I : Q'R — R® R,

using Proposition [4.1] to identify the commutator quotient space for free bimodule. This gives the following

commutative diagram

I
Q'R R®R
b pot
Q'R, R

where 3 is the unique map such that the diagram is commutative.
We define  : R — Q'R to be the composition f o d. It can be shown that both 300 and 9o 3 are
zero. Hence one has the following periodic complex

(4.32) o R R R QIR
18



Example 4.1. [29, Example 3.10] Let V be a graded vector space and R be the tensor algebra T'(V).
Then Q'R can be identified with R® V ® R, and the isomorphism I : RV ® R — Q% C R® R is given
by

(4.33) H{(v1, -+, vp—1) @ vp ® (Vp1, -+, Um)}
= (U17"'7Up)®(vp+l7 "'7’Um)—(’l}1,"',Up,1)®(’l}p7"',’l)m).

Under this isomorphism, the universal derivation d : R — Q'R is given by

a(vlv Tty ’Un) = Z(Uh IR ’Uifl) ®U'L ® (Ui+17 R Un)y
i=1
and for all » € R,
Tod(r)=r®l—-1xr.
Moreover, by Proposition one can identify QlRt1 with V ® R in such a way that the canonical maps 0
(it may be called the cyclic derivative) and S are given by the formulas

(4.34) O(v1, -+, Up)
n
= Z(_l)(‘vl‘+“.+Ivi_1|)(|vi‘+m+lvn‘)vi ® (Ui+17 Uy U1, 0, Ui—l) .
=1
(435) B{Ul & (’UQ, Tty /U’m)} = [U17 (U27 IR Um)] .

Remark. It can be shown that, in the case of the example above, the periodic complex (4.32)) is exact
provided one replaces R by R := R/k (see [I4, Sec. 3] for a closely related discussion).

4.5. Cyclic cohomology of Koszul QLC algebra. Let us recall a theorem due to Feigin and Tsygan
[6, Thm. 1] which essentially says that the reduced cyclic homology can be viewed as a (non-abelian)
derived functor in the sense of Quillen’s homotopical algebra [27]. For a conceptual proof of this theorem,
we refer to [2 Sec. 3].

Theorem 4.1. Suppose R = A is a semi-free resolution of a graded k-algebra A in the category of DG
algebras (i.e., the underlying graded algebra of R is free). Then there is a natural isomorphism of graded
vector spaces

HC,(A) = Ho(Ry),
where Ry := R/(k + [R, R)).

Pick a non-negatively graded semi-free resolution R of A (for example, the cobar-bar construction if A
is non-negatively graded). Recall from Example and the remark after it, there is a periodic complex

(4.36) PR R L R QiR D

and the rows of the associated bicomplex are exact. Truncating the bicomplex associated to (4.36]) at the
R-column in degree 0, we obtain the following first quadrant bicomplex

(4.37) XH(R)i=[0— R<Z Q'R <% R Q'R 2 .
It can be shown that (see [2] Sec. 5.4] for details)
(4.38) H,[TotXT(R)] & He(R;) = HC,(4).

The following theorem is a generalization of [7, Thm. 2.4.1 (a)] to the case of Koszul QLC algebras.

Theorem 4.2. Let A= A(V, R) be a QLC algebra, where V is a non-negatively graded locally finite graded
vector space, and (qA)" be its Koszul dual curved DG algebra. Suppose qA is Koszul, then there is a long
exact sequence

(439) - — HC,. "((qA)") — HC,(A) — HC ' "((qA)') — HCpoy "((qA)) — ---



Proof. Since ¢A is Koszul, by Theorem we can choose R to be the cobar construction Q((¢A)f) of the
Koszul dual curved coalgebra (¢A)i. Let V = (gA)i[—1], then R = T(V) as graded algebras. Thus, the
underlying graded vector spaces of Q' R is isomorphic to R® V ® R. Notice that the following composition

is identity,
ROVOR-R2R®R -2+ RV®R=Q'R,

where i is the obvious inclusion and 9 is the unique R-bimodule morphism extended from the universal
derivation 0. Moreover, because 9 is a morphism of complexes, one has the following commutative diagram

id
ReV®R —— Q'R
dR®R®R doir
R®R®R Q'R
Thus, the differential on Q'R is given by the following formula: for any p®@v® ¢ € R® V ® R, with
v = s '¢, one has
(4.40) dorr(p®v®q)

= dr(p) ®@v@q+ (-1)Ppedy(v) @ ¢+ (-1)PFp © v @ dr(g)

F(=D)PH o @ 0" @ g+ (—1)PHY I p @0 @0 - q.

Here dy (v) = —s~!dc(c), and A(sv) = s(v') ® s(v”') in the Sweedler notation.
Moreover, since f : Q'R — Q'R is a morphism of complexes, the differential on Q' R, is given by the
following formula:
(441) dQth ('U ® q)
= dv(v) @ q+ (-1 @ dr()
+(_1)|v'\(1+\v//|+‘qw1}” ® q- ’U’ + (_1)\1;/'1}/ ® ’UN q.

Since V is non-negatively graded and locally finite, the weight decomposition (3.5) implies that (gA)

is a non-negatively graded, connected, locally finite graded coalgerba. As the graded dual of (¢A)i,

(qA)" is a non-positively graded, connected, locally finite graded algerba. Hence, ((qA)![l])Q%

positively graded and locally finite for each n, and this implies that its graded linear dual is isomorphic to

is non-

((qA)i[— 1])®n. Hence, as graded vector spaces,
(B((a4));, = R and  ((gAV[1] @7 B((g4)),, = Vo R.

!

Moreover, it is easy to see that the differential on B((gA)') is linearly dual to the differential on R and
the differential on (qA)'[1] ® B((¢A)") is linearly dual to ([#.41]). Therefore, the bicomplex associated to
CC” ((qA)") is isomorphic to X (R), and

HC, (4) = H,[TotX*(R)] = H,_[Tot!(CC" ((¢4)))] = HC_"((¢A)"),

where the degree shifting in the second isomorphism is due to the first column of the bicomplex associated to
CC” ((qA)") is in degree —1. The desired long exact sequence (£.39) is obtained by replacing HC_"((qA)")
in the long exact sequence ([4.30) with HC,,(A). O

Remark. Notice that our definitions of cyclic cohomologies are slight different from the ones given in [7].
Specifically, in [7] the periodic cyclic cohomology and the cyclic cohomology are the homology of the direct
sum total complexes of @;er(zﬁl) and @*(A), respectively. We denote the resulting cohomology theories
by fC;er) nd
HC®(A) by HiC;er,ea and ﬁCé(A), respectively. Since (gA)' is non-positively graded and connected, it is

o and ﬁcé, respectively. The long exact sequence (4.39)) is still valid if one replaces HiCI.Jer a

clear that the bicomplex CC:er((qA)!) is concentrated on the upper half-plane. Since its rows are exact,
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using the standard argument of spectral sequence, one can show that ﬁC;er) ol (qA)!) is trivial. Hence, we
obtain [, Thm. 2.4.1 (b)], namely,

(4.42) HC,(4) = HCy' "((gA)).

5. COMMUTATIVE QLC KOSZUL ALGEBRAS

We discuss commutative QLC Koszul algebras in this section, which can be viewed as a commutative/Lie
analog to Section [3] We shall freely use the language of operads and their Koszul duality theories. We
refer to the book of Loday and Vallette [19] for a complete exposition.

5.1. Curved DG Lie coalgebras. Recall from [21], a graded Lie coalgebra & over k is a graded vector

space & equipped with a degree 0 linear map |—[: & — & ® & satisfying
(5.1) Taze |-[=-]-[,

and

(5.2) (id + 7(123) + 7(2123)) o(]-[®id)o]-[=0,

where 7(12) and 7(123) denote the cyclic permutations on the graded vector spaces & @ & and & @ 6 @ &,
respectively. The linear map | —[ is called the Lie cobracket of & and the identity ([5.2)) is called the co-Jacobi
identity.
Remark. Because of (5.1)), the Lie cobracket factors through A2® < & ® &, where the inclusion is given
by:
Ay = oy —(—1)Wyea.
A curved DG Lie coalgebra over k is a k-graded Lie coalgebra & endowed with a Lie coderivation d (i.e.,
]-[od=(d®id +id ® d)o | —[ ) of degree —1 and a linear map h : & — k of degree —2 satisfying
(1) d*> = (h®@id)o ||
(2) hod =0
Recall that there is a Lie coalgebra functor Lie® from GrCoAlg,, the category of graded coalgebras
over k, to GrLieCoAlg,,, the category of graded Lie coalgebras over k: For each (C, A) € GrCoAlg,,, the
underlying graded vector space of Lie(C') is identical to C' and the Lie cobracket is given by A —7(19)0A.

Proposition 5.1. Given a curved DG coalgebra (C, d, h), the Lie coalgebra Lie®(C) has the structure of
a curved DG Lie coalgebra.

Proof. The coderivation d becomes a Lie coderivation in Lie®(C'). Indeed,
J-[od = (A—Ta2o0A)od
id — 7(12)) 0 (d®@id +id ® d) 0 A

d®id+id®d)o A — (id®d+d®id) o 712y 0 A

—~ o~ o~

= ([deid+id®d)o|-[ .
Moreover,
@ = (h®id—id®h)o A = (h®id)o (A —T120A) = (h®id)o ]| .
Finally, h o d = 0 by the definition of a curved DG coalgebra. O

The Lie cobar construction Qpie(®) of a curved DG Lie coalgebra (&, d, h) is defined as the graded
symmetric algebra Sym(®[—1]) equipped with three derivations dy, di, and dg, where dy (resp., dy) is
induced by h (resp., d) on &, and da|e[—1] is given by the composite map

6-1] = k1] 0 & S0 k1) @ k-1 @ A%6 = Sym*(8]-1)).
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Explicitly, given s~1¢ € &[-1],
_ 1 no_ _
da(s7H) = =5 D _(—1)ISlsThg s
where [§[= > & @&
The following proposition is analogous to Proposition [2.2

Proposition 5.2. Given a curved DG Lie coalgebra (&, d, h), the Lie cobar construction Qp;e(®) is a
semi-augmented commutative DG algebra with differential given by dy + dy + ds.

Proof. Since dy, di, and dy are derivations of degree —1, (dg + dy + d2)? = %[do +dy + da, do + dy + d2].
It suffices to show that for any s~1¢ € &[-1],

(do + dy +d2)?(s7'€)

(dodo + dody + doda + dydg + dydy + dyds + dado + dady + dads) (s 1E)

= 0.

Indeed,

(dodo)(s71E) = (d1do)(s71E) = (dadp)(s71€) = 0 for the restrictions of dg, dq, and da to k vanish.
(dodl)(s_lf) =0for hod = 0;

(dody + didy)(s71€) = 0 since d?> = (h®id)o |- ;

(dyds + dody)(s71€) = 0 since d is a coderivation;

(dady)(s71€) = 0 because of the anticommutativity of ®, the commutativity of Sym(&[—1]), and
the co-Jacobi identity on &.

O

5.2. Commutative QLC algebras. A commutative quadratic-linear-constant (QLC) data is a vector
space V' (concentrated in degree 0) together with a subspace

RCkaVaSym?*(V).

The commutative QLC algebra A = A(V, R) := Sym(V)/(R) is the quotient of the free commutative
algebra over V' by the ideal (R) generated by R. We assume that R satisfies the following two properties:

(5.3) RN(kaV)={0}
(5.4) (R)N(k®V @ Sym*(V)) = R.

The first condition amounts to the minimality of the space of generators of A(V, R), and the second
condition implies that (R) does not create new QLC relations.

Let ¢ : Sym(V) — Sym?(V) be the projection onto the quadratic part of symmetric algebra, and gR
be the image of R under gq. guarantees that there exists a linear map ¢ : ¢gR — k @ V such that R
is the graph of 1. Write ¢ = (—¢, 6), where ¢ : ¢R — V and 6 : ¢R — k. One has

(5:5) R = {x—¢(x)+0(x) | v €qR}.

Let Com denote the binary quadratic operad encoding nonunital commutative algebras. The notion of
quadratic algebras over a binary quadratic operad was introduced by Ginzburg and Kapranov in [§]. In
[22], Milles extends it to the notion of monogenic algebras over a quadratic operad. We denote by A the
associated quadratic Com-algebra of A, i.e., ¢A = Sym(V)/(¢R), where Sym(V) := Sym(V)/k. Notice
that gA is weight graded (see [22 Prop. 4.1]):

(5.6) gA = P ¢A™ = Vo (Sym*(V)/qR) & -+ & (Sym™(V)/Sym" *(V)qR) & - - - .
neN+

Recall that Com is a Koszul operad, and the operadic desuspension of its Koszul dual cooperad S ! Com/

is Lie®, the cooperad encodes Lie coalgebras. According to [22], one can associate a graded Lie coalgebra
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(gA)t to the quadratic Com-algebra gA, and it is called the Koszul dual Lie®-coalgebra of gA. Tt is a
positively graded Lie coalgebra with a weight decomposition given by (see [22] Prop. 4.3])

(5.7) (@A) = P (gA)" ™,

neNt
where (gA)i (1) = sV, (¢A)" ) = s2¢R, and

(qA)r ™ = ﬂ Lie“(n — 1) ®s, , ((sV)¥' ® s’qR® (sV)®7) forn>3.
i+2+j=n

Then, ¢ induces a degree —1 map ¢ from (qA)i to sV via the composition:

(5.8) b : (qA) — s*qR ﬂ sV,

and 6 induces a degree —2 map 6 from (gA)i to k via the composition:

(5.9) §: (qA)i — s2qR % .

In [12], Idrissi extends Lemma to any binary quadratic operad. In particular, in the case of operad
Com and cooperad Lie, we obtain the following proposition

Proposition 5.3. [12, Prop. 3.4] GivenY € (qA)"®) the maps & and 8 satisfy the following conditions

(5.10) o(Y) € s*qR
(5.11) (V) = (h®id)o Y]
(5.12) Gop(Y) =0.

The following proposition is a Lie analog of Proposition and the proof is rely on Proposition
Proposition 5.4. ((qA), ¢, 0) is a curved DG Lie coalgebra.
We call this curved DG Lie coalgebra the Koszul dual curved Lie coalgebra of A.

5.3. The Lie cobar construction of the Koszul dual curved Lie coalgebra. Consider the following
composite map of degree —1

ff:(qA)i—»sViﬂ/%A.

Recall that the Lie cobar construction €2;;¢((¢A)!) is a commutative DG algebra whose underlying graded
commutative algebra is Sym((gA)i[—1]). Hence, x induces an algebra morphism g, from Q;.((gA)i) to
A. Moreover, it can be checked that g, is compatible with differentials, i.e., gx o (do + d1 + d2) = 0. One
replaces the codomain of xk with gA and gets another map of degree —1

K (qA)‘—»sVi>V<—>qA.

However, as the domain of k', (¢A) is viewed only as a graded Lie coalgebra (with trivial d and h).
Similarly, one can check that &’ induces a DG algebra morphism g,/ : (Qrie((¢A)1), d2) — k & ¢A.

Let a : Com! — Com be the operadic twisting morphism. There is a functor £, from the category of
DG Comi-coalgebras (or equivalently, DG Lie“-coalgebras) to the category of DG Com-algebras. Recall
that a Com/-coalgebra structure on s~'® is equivalent to a Lie“-coalgebra structure on &. Given a DG
Lie coalgebra &, the Lie cobar construction Qp;.(®) is an augmented commutative algebra, and one has
the following isomorphism (cf. [I9, Prop. 11.2.5])

Quie(®) = kD N(B).
Recall that from [22, Thm. 4.9] the quadratic Com-algebra gA is Koszul if the canonical projection
Q,((¢qA)") — gA is a quasi-isomorphism of DG Com-algebras (hence, k @ Q,((¢A)") is quasi-isomorphic

to k @ gA). The following theorem is a Lie analog of Theorem (3.1
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Theorem 5.1. Let A be a commutative QLC algebra, and & = ((qA)/, b, é) be its Koszul dual curved Lie
coalgebra. Suppose qA is Koszul, then the morphism of commutative DG algebras g, : Qrie(®) — A is a
quasi-isomorphism.

Proof. Since & is weight graded, the graded commutative algebra Sym(&[—1]) is weight graded as well.
Consider the filtration F. of Qp;.(®) defined by its weights. The three components of the differential map
do,..(») = do + d1 + do satisfy

dsy : F.— F, dy : F.— F._4 do c F.— F._o.

Thus, the filtration F,. is stable under dg, (). Since it is bounded below and exhaustive, the associated
spectral sequence E?, converges to the homology He(QLie(®)).

E?, is made up of the elements in €1;.(®) of degree equal to r + s and weight equal to r, and the
differential d° is given by da. The Koszulness of gA implies that g : (Qie((¢A)7), d2) — k@ gA is a
quasi-isomorphism. Thus, Ho(Qpie(®), d2) = k @ ¢A, and H;(Qpie(B), d2) = 0 for ¢ > 0. It follows that
E}, # 0 only if r + s = 0. Therefore, the spectral sequence stables at page 1, and one has H;(Qie(®)) =0
for i > 0.

The following diagram presents the weight decomposition of Q1;.(®) at degree 1 and 0:

Weights

Sym?(V) - sqR a2 ~ Sym*(V) (4)
\
d d
V-sqR 2 0 > Sym?(V (3)
\\
ds do

V)
sqR > ymz(v) (2)

;/f

0

k (0)

Degrees 1 0

where the differential dy is simply the inclusion, and d; (resp., dp) is induced by ¢ (resp., #). By the
construction, g, sends Qp;(®)o isomorphically to Sym (V). Moreover, it is clear that this isomorphism
induces a bijection between the boundaries in Qpie(®)o and (R). Therefore, g, sends Ho(Qpie(®)) iso-
morphically to A. All in all, we have shown that g, induces an isomorphism between the homologies of
Qpie(®) and A. O

5.4. Relationship with the QLC Koszul algebras. Given a commutative QLC algebra A = A(V, R),
let gA be the associated quadratic Com-algebra and (gA)' be the Koszul dual curved Lie coalgebra. If V' is
finite dimensional, it can be shown that the graded linear dual of (¢A)! is a curved DG Lie algebra, called
the Koszul dual curved Lie algebra of A and denoted by (qA)'. The following proposition characterizes
(qA)" in terms of quadratic Lie algebra.

Proposition 5.5. The underlying graded Lie algebra of (qA)' is isomorphic to
Lie(s~'V*) /(s *(aR)")

where (qR) is the annihilator of qR for the natural pairing Sym?(V*) @ Sym?(V) — k.
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Proof. By the construction of (¢A)! in [22], it is universal among the Lie subcoalgebras & of the cofree Lie
coalgebra Lie®(sV') such that the composite

(5.13) & < Lie°(sV) — Lie®(2)(sV)/s*qR

is zero, where s2qR is viewed as a subspace of Lie“(2)(sV) via the idrentification s?(Sym?(V)) = A2(sV).
The word “universal” means that for any such Lie subcoalgebras &, there exists a unique Lie coalgebra
morphism & — (gA)! such that the following diagram commutes:

(qA)!

N

& - LE(sV).

Notice that Lie = (Lie®)*, where the linear dualization means the “arity-graded linear dualization”,
i.e., Lie(n) = (Lie®(n))*. Since V is finite dimensional, the linear dual of the sequence (5.13)) is

(5.14) g « Lie(s7'V*) < s72(qR)*.

The desired proposition follows from the fact that Lie(s™1V*)/(s72(qR)") is universal among the Lie
quotient algebras g of the free Lie algebra Lie(s~1V*) such that the composite (5.14) is zero. O

Since the free commutative algebra Sym(V') can be identified with T'(V)/([V, V]), the commutative
QLC algebra A can be viewed as a QLC algebra in the sense of Section [3f A = T(V)/p~!(R), where
p : T(V) — Sym(V) is the canonical weight preserving projection. Similarly, gAT := k & gA, the
unitalization of gA, can be viewed as a quadratic associative algebra. Let (¢A™)! denote the Koszul dual
coalgebra of A viewed as an associative QLC algebra (see Subsection |3.2)).

Recall from [21], the universal coenveloping coalgebra functor ¢ : GrLieCoAlg, — GrCoAlg, is right
adjoint to the functor Lie®. For every & € GrLieCoAlg,, there is a natural Lie coalgebra morphism
m o Lie®(U°B) — & corresponding to the identity map on U°S.

Example 5.1. Let W be a graded vector space over k. The universal coenveloping coalgebra of the
cofree Lie coalgebra L¢(W) := Lie®(W) is T¢(W) := k ® Ass® (W), where Ass® is the linear dual of Ass.
Moreover, the natural morphism 7 : Lie®(T¢(W)) — L¢(W) is formally dual to the canonical inclusion
from the free Lie algebra to the tensor algebra, i.e., the inclusion of primitive elements into the tensor
algebra equipped with the unshuffle comultiplication. In particular, in weight 2, it is given by the canonical
projection from W @ W to A2W (see [30]).

The following theorem explains the relation between the Koszul dual Lie coalgebra (¢A)! and the Koszul
dual (coassociative) coalgebra (gA™1).

Theorem 5.2. There is a natural isomorphism
U((qA)’) = (¢A™)".

Proof. First of all, let us construct a canonical Lie coalgebra morphism from Lie®((¢A™)) to (¢A)i. By
the definition of (¢A™)! in [19], it is universal among the subcoalgebras C of the cofree coalgebra T¢(sV)
such that the composite

(5.15) C — T(sV) - (sV)®?/(s’qR @ s*[V, V])

is zero, where Sym2(V) — V ®V is the symmetrization. Let i 445 (resp., i) be the canonical monomor-
phism from (gA™)i to T¢(sV') (resp., from (gA)! to L°(sV)), and 7 : Lie®(T¢(sV)) — L°(sV) be the
natural Lie coalgebra morphism induced by (T¢(sV)) = U¢(L¢(sV)). Since A?(sV) =2 (sV)®2/s%[V, V],
the following composition

Lie®((qA*)) Z0) pice(e(sv)) Ty Le(sV) — A2(sV)/s%qR
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is zero. Therefore, there is a unique Lie coalgebra morphism, denoted by j, making the following diagram
commutes:

(qA) e sV

. X /.; “(iass)
mo Lie (1445

Lie“((qA*))
Let C be a graded coalgebra over k, and suppose one has a Lie coalgebra morphism f : Lie®(C) — (¢A)!.
By the universal property of the cofree Lie coalgebra L¢(sV'), the Lie coalgebra morphism ip;. o f is
determined by a linear map ¢ from Lie(C) to sV. Since the underlying graded vector space of Lie®(C)

is C, the very same g determines a coalgebra morphism from C to T°(sV'), denoted by §. And there is a
commutative diagram:

Eie ZL’LG o f
(5.17)
Lie®(
£ze (T¢(sV))

Since the composite
Lie®(C) 2Ly 1o(sV) — A2(sV)/s%qR
is zero, for every c € C,
(9®9) o (Ale) = TanAle)) = (9@ g)o ]| € s¢R.
Hence, for every ¢ € C,
(9®g)oAlc) € s*qR® [V, V],

which implies that there exist a unique coalgebra morphism A : C — (¢gA™)i making the following diagram
commutes:

(gA™)
(5.18) / K

- T(sV).
Combing the commutative diagrams (5.16)), (5.17), and (5.18)), we obtain

inie o f = mo Lie(iass) o Lie®(h) = ipie 0 jo Lie°(h).

Since i is a monomorphism, one has
f = joLie(h).
Finally, suppose there exist another coalgebra morphism h’ : C — (¢A™)! such that f = jo Lie®(h'). It

can be shown that h’ could make diagram ([5.18]) commutes as well. It follows that h = k', which concludes
the proof of the desired theorem. O

Remark. Let GrCHopfAlg, denote the category of graded commutative Hopf algebras over k. It is known
that the universal coenveloping coalgebra functor ¢ : GrLieCoAlg, — GrCoAlg, can be factorized as

ue
GrLieCoAlg, N GrCHopfAlg, i) GrCoAlg, ,

where F' : GrCHopfAlg, — GrCoAlg, is the forgetful functor (see [2I] for the construction of Uf;). Hence,
(gA™T)i carries the structure of a graded commutative Hopf algebra.
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